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ABSTRACT
 
It has been said that among most branches of science, the
 
process of progress is one of both correction and extension.
 
This project is a study of a presentation of PGL(2,p). In the
 
paper by Robertson and Williams is the claim that an efficient
 
presentation of PGL(2,p) has been found. The presentation is
 
given as PGL(2,p) = <a,b|a^bP = (ab^)" - (abab^)^ = l >,
 
for all odd primes p. I shall show this presentation fails to
 
represent PGL(2^p) for certain values of p. I will also prove
 
that another similar presentation is an efficient presentation
 
for PGL(2,p).
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NOTATION AND DEFINITIONS
 
There are many different strands of mathematics. This
 
projeGt involves a study within the field of abstract 9l9®t>ta
 
in the area of ptssentations of groups» Since presentations
 
are not commonly studied, this section is written to explain
 
and define the technical terms that are used. Let me begin
 
with a few of the basic definitions in abstract aigebra.
 
The following six definitions can be found ih [4]. A
 
non-empty set G together with an associative operation is
 
considered a group. whenever G contains an identity element as
 
well as an inverse for each element. The order of a group G,
 
IGI, is the number of elements contained in G. The center of
 
a group G is the set of a e G such that ax = xa for all x e G;
 
that is the center contains all the elements of G that coit^^
 
With every element in G. This will be denoted by Z(G). A
 
subgroup H of a group G is normal if the left and right cosets
 
coincide, that is gH = Hg for all g e G where gH = {gh|h e H}.
 
A map 6 of a group G into a group G* is a homomorohism if
 
0(ah) = 0(a)6(h) for all a,b e G. An isomorphism B'.G -* G* is
 
a homomorphism that is one-to-one and onto G*, in this base we
 
say G is isomorphic to G* and write G ~ G*.
 
A conjugate of y is of the form x'yx for some element
 
X in G. Note that two elements, a,b e G are said to be
 
conjugates if there exists x e G such that a = x'bx. it is
 
easy to see that conjugacy is a symmetric (in fact, equival
 
ence) relation.[6]
 
A group F is called free (or free on XY if it has a
 
subset X where every element of F can be written as a product
 
of elements of X and their inverses such that there are no
 
non-trivial relations among the elements of F. Each of these
 
products is called a word. Let x. y e X. The product xx^'xxy
 
when reduced is written as the word x^y, and we will say that
 
the first product is equivalent to the word. Let R £ F be a
 
subset and N denote the normal subgroup generated by R, that
 
is the intersection of all normal subgrpups of F containing R,
 
and G the factor group F/N. Allow me to mention that because
 
of the ••universal mapping property•• of free groups, every
 
group G is a homomorphic image of some free group F. Namely
 
the free group on the set G. This means that given any group
 
G, there exists a set X and a subset R & F such that G ­
F/N.[8] '
 
The following definitions directly relate to this project
 
and in general are not as well known. The comTntitatCr of the
 
ordered pair of elements x,y in the group G is the element
 
x'y'xy, and is denoted by [x,y]. The derived group of G. G',
 
is the subgroup generated by all the commutators in G. Note
 
that the factor group G/G' is abelian.[6]
 
The Schur multiplicator of the finite group G, M(G)/ is
 
the subgroup (F' f]N)/[F, N], where G ~ F/N. A covering group
 
C of a finite group G is a group C with A S c
 
and (i) c/A ~ g
 
(ii) A gc n Z(C)
 
(iii) |A| = |M(G)I (it can be shown A ~ M(G)).
 
A group H is a Schur extension of a finite group G if A gH
 
with H/A ~ G and A g H' f~) Z(H). If H is a Schur extension of
 
G then |G| < iH| < |M(G)||G|.[2]
 
it can be shown that :
 
M(PGL(2,p)) ~ Z2
 
The largest abelian homomorphic image of PGL(2,p) is Zj.
 
This information will be used in my proof.
 
The Galois field of p elements is denoted by GF(p), this
 
is more commonly denoted by Zp. The general linear group of
 
2X2 invertible matrices with entries from GF(p) is denoted
 
by GL(2,p). The factor group GL(2,p)/Z(GL(2,p)) is called the
 
projective general linear group and is denoted by PGL(2,p).
 
Suppose G is a group, F is a free group on X, and that
 
G ~ F/N where N is the normal subgroup generated by some
 
subset R £ F (N is also called the normal closure of R).
 
Then, a presentation of the group G is denoted by {x|R^,
 
where the elements of X are called generators, and R is called
 
a set of relators, words that are equivalent to the identity
 
of the group G. In some presentations the relators are
 
written as relations. (See the examples below.) The
 
presentation is called finite if both X and R are finite sets.
 
For a finite group the number of relators is greater th^n or
 
equal to the number of generators. A finite group G is
 
considered efficient if there is a presentation of G for which
 
the number of relations minus the number of generators is
 
equal to the minimum number of generators of M(G).[5]
 
A finite presentation of the cyclic group of order 4 can
 
be written as Z4 = |x'*). A presentation for the Klein-4
 
group is written V = <a,b,c|a^ = b^ = = 1, ab = c >.
 
This efficient presentation for Z4 uses one relator where as
 
this efficient presentation for V involves four relations in
 
order to show how the generators combine to be equivalent to
 
the identity.
 
Given the presentation of a group, G = |R), and a
 
subgroup, H = {h),then if the relation h = 1 is added to the
 
relators of G we have |R, h ^  = G/N, where N is the normal
 
closure of H.
 
When given a presentation of a group there are three basic
 
questions or problems that arise; the word problem, the
 
conjugacy problem, and the isomorphism problem. These three
 
fundamental decision problems were constructed by Max Dehn in
 
1911; they are respectively, as follows:
 
(I) For an arbitrary word W in
 
the generators, decide in a finite number
 
of steps whether W is equivalent to the
 
identity element of G, or not.
 
(II) For two arbitrary words Wj, Wj
 
in the generators, decide in a finite
 
number of steps whether W, and Wj are
 
conjugate elements of G, or not.
 
(Ill) For an arbitrary group G*
 
defined by means of another presentation,
 
decide in a finite number of steps whether
 
G is isomorphic to G*, or not.[9]
 
In this paper I will prove that certain words in various
 
groups are equivalent to the identity. I will also prove that
 
a certain presentation is that of PGL(2,p).
 
PRESENTATION OF PGLYZ.P^
 
This project involves working thirough the papeir A
 
presentation of PGL(2.oV with three defining relations [10].
 
In order to accomplish this I learned the Todd-Coxeter coset
 
enumeration algorithm which allows one tp find t^ index of a
 
subgroup (if it is finite) of a group. In addition I learned
 
how to write a presentation for a subgroup of a finite group
 
G Of which its presentation is given. This is done by using
 
the Reidemeister-Schreier algorithm. By working with presen­
tations of certain concrete groups, like the Quaternion group,
 
I learned two methods which can be used to try to rewrite
 
presentations for groups efficiently. An example showing how
 
to use these algorithms and methods can be found in the
 
appendix.
 
In [10] there is the claim that an efficient presentation
 
of PGL(2,p) has been found. I will show why this presentation
 
fails to be PGL(2,p). The presentation is stated in Theorem
 
A of [10] which we now recall.
 
Theorem A: If p is an odd prime then
 
PGL(2,p) = <a,b 1 aV = (ab^)" = (abab^)^ = 1 >.
 
Theorem A is followed by the introduction of another
 
group,
 
G(p,q) = h, c I = bP = (ac)^ = (abc)^ - 1, cbc*' = b*")
 
where p is an odd prime and 1 < q < p. A result obtained is
 
that G(p,q)/G'(p,g) is isomorphic to Zj. Ih Lemma 1 of [10]
 
a presentation Of the derived group of G(p,q), G'(p,q), is
 
given. Lemma 2 of [10] proves that G'(p,q) is isomorphic to
 
PSL(2,p) for q = (p+l)/2, q = 2, or q a primitive element of
 
GF(p). By using these same restrictions of Lemma 2 on q,
 
Lemma 3 of [10] claims that G(p,q) is isomorphic to PGL(2,p).
 
The proof of this is based on the fact that the order of
 
PGL(2,p) is equal to the order of G(p,q) and that there is a
 
mapping such that PGL(2,p) is the homomorphic image of G(p,q).
 
The map used is as follows:
 
a^ 	10 -r \ b -* 11 l \ c -* I q 0\
 
\ 1 0 i I 0 1 1 lo 1 I
 
where rq = 1 (mod p).
 
Theorem A of [10] is valid for certain values of p, such
 
as p = 5, but it fails for other values of p, such as p = 7.
 
In the case p = 7, we see that the mapping fails to give
 
PGL(2,p) as an isomorphic image, since the matrix for c does
 
not have the correct order. So the mapping fails in this
 
  
 
 
 
 
 
 
 
case. By using the computer program for the Todd-Coxeter
 
coset enumeration algorithm it can be seen that the order of
 
c e G(7,2) is 6, but note that the matrix corresponding to c
 
raised to the third power is the identity.
 
2 0I 12 0
 
0 1 ] 10 1
 
2 0 \ I 4 0
 
0 1 I \ 0 1
 
8 0 \ which in GF(7) is 11 0
 
0 1 I \ 0 1
 
By looking further into this case we see that it is impossible
 
for G(7,2) to be isomorphic to PGL(2,7). By using the Todd-

Coxeter coset enumeration algorithm on the computer I found
 
I Z(G(7,2)) I =2 whereas|Z(PGL(2,7))|= 1. Therefore the
 
group G is not isomorphic to PGL(2,p) even though they have
 
the same order. In fact, when = 2 has a solution in GF(p)
 
G(p,2) is isomorphic with the direct product PSL(2,p) X Z2.
 
A suitable isomorphism is given by
 
0 -r \ \ b ^  ;/1 1 \ \ c -> / /2 0
 
1 0 I;Y I no 1 I , 1 I \ I 0 1 / , Y
 
where 2r = 1 (mod p) and = 1.
 
The question still remains as to whether or not an
 
efficient presentation for PGL(2,p) exists with three defining
 
relations. If the condition on q is restricted to only be a
 
primitive element of GF(p), then the first previously
 
mentioned map does produce PGL(2,p) as the homomorphic image
 
of G(p,q). Furthermore G(p,q) is isomorphic to PGL(2,p). In
 
the paper [10], Theorem 4 rewrites the presentation for
 
PGL(2,p) with only two generators.
 
PGL(2,p) = <a, b I a^ = bP = (abW)^ = (abab')^ = 1 >
 
where r is a primitive element of GF(p) and rq = l(mod p). By
 
combining the relations of PGL(2,p) in this presentation we
 
shall obtain an efficient presentation of PGL(2,p).
 
Theorem T. If p is an odd prime then there is a
 
primitive element r of GF(p) such that
 
G = {a, b I bP = a^(ab^ab')^ = a:^(abab')' = 1 ) is
 
isomorphic to PGL(2,p).
 
For this proof it must be shown that = 1 to re-obtain
 
the original relations. To accomplish this it will be
 
necessary to prove that e G' f] Z(G). First let us consider
 
why a? e Z(G), that is why a^ commutes with the generators of
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G- Clearly [a^, a] — 1. By looking at the relations of G, we
 
see that
 
a^ = (abab*^)^ and a'^ = (ab^ab')^.
 
Consider
 
[a^,abab'^] = (abab'')'^(abab')'y(abab'^)^(abab*')
 
= (abab^)"'(ababy
 
• - •!. •
 
Since [a^, a] = 1 we have [a^ bab'"] =1.
 
We must also consider
 
[a^, ab^ab'i = (ab^ab'^)^(ab^ab'^)''(ab^ab'^)"^(ab^ab'')
 
= (abW) (abW) '
 
=1- ■ 
Since [a^, a] = 1 we have [a^, b^ab''] = 1. Note that
 
if [a^, bab"^] = l, then [a^, (bab^)"'] =1. It also follows that
 
[a^, (b^ab')(bab'^)->] = 1. Furthermore we have (b^ab"^)(bab*^) =
 
b^ab'^b'a-'b-' - b. Therefore we get [a^ b] = 1, which indicates
 
that commutes with the generators of PGL(2,p). This
 
completes the first requirement that a? e Z(G).
 
Secondly to show that is an element of the derived
 
group of G, we heed to consider the relations of G and add the
 
relation [a,b] =1, that is a commutes with b.
 
11
 
G/G' = <a, b I bP = a^(ab^ab^)^ = a"^(abab')^ = l, [a,b] = 1)
 
a^(ab^ab')^ = l a"^(abab')^ = 1
 
3^+"= 1 = 1
 
a-^b-'-3 =1
 
By combining these two relations we get
 
aV'+'' a-^b-^'-^ =1
 
a2b-'^+' = 1
 
By squaring the first relation and combining it with the
 
second relation we get
 
aV+i aV'+' a"'b-''-=' = 1
 
b-^'-' = 1
 
Note that as = 1 and = i, then b is raised to the
 
greatest common divisor of p and 5r+l is also equivalent to
 
the identity. To find the gcd(p,5r+l) we consider two cases;
 
either gcd(p,5r+l) = 1 or gcd(p,5r+l) = p. For the first case
 
we then have b' = 1. In the second case since the gcd is not
 
1 we will replace r with r', where rr' = 1 (mod p). For the
 
proof that the gcd(p,5r'+l) = 1 consider the following;
 
Given p divides 5r+l, we know that 5r+l = kp.
 
Multiplying by r' we have 5rr' + r' = kpr'.
 
Simplifying both sides 5 + r' = 0 (mod p).
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Hence r' = -5 (mod p) so that r' = p-^5.
 
Substitution of r' gives 5(p-5)+l = 5p — 24.
 
Thus the gcd(5p-24,p) =1 unless p divides 24.
 
The only primes that divide 24 are 2 and 3. We do not
 
need to be concerned about 2 since it is not an odd prime.
 
For the case p = 3 the only primitive element is 2 and
 
gcd(ll,3) = 1. Therefore when gcd(5r+l,p) is not 1 we will
 
use r' and the same result is obtained, that is b' =1.
 
Therefore we have that b = 1 in G/G'. Hence = 1 in
 
G/G'. Thus we see that a? e G'. Now that we know e Z(G)
 
and that a? e G', we can conclude that a^ e Z(G) f]®'. Recall
 
that if the relation a^ = 1 is added to the relations of G we
 
will have G/ ^a^) ~ PGL(2,p). Therefore G is a.Schur extension
 
of PGL(2,p), and since M(PGL(2,p)) - Z2 we know that |G| <
 
2|PGL(2,p)|. In conclusion we have that either a^ = 1 or at
 
worst a" = 1.
 
To finish the proof that a^ - 1, we must consider the
 
relations in Theorem T:
 
a^ = (abab*^)' a^ = (ab^ab'')"^
 
= abab'abab'^abab'^ = b''a"'b"Vb"''a''b"^a''
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By putting this together we have
 
Si* = abab'^abab''abab'^ b''^a''b"^a'b''a"'b"W^.
 
After reducing, this simplifies to
 
a'* = abab'^abab'ab''a''b"'a"'b"^a'*.
 
Conjugate both sides by a, and rewrite a as a^*a"f, we have
 
a* = bab'abab'*a^*a"'•b'-a''b"'a"'b'^,
 
a'* = a^*bab'abab'^*a"'b"'a''b"'"a"'b"^,
 
since commutes with both a and b.
 
Multiply both sides on the right by b and the left by a"^ to
 
obtain
 
a^b = bab^aba*b''*a"'b"'a"'b"'a"'b"',
 
a^b = (bab'aba) b' (bab^aba)''.
 
Raise both sides to the power p:
 
(a^b)P = (bab''aba) (b')'' (bab'^aba) .
 
This simplifies to
 
(a^b)P = I since b^ = l.
 
Recall that a^ commutes with b so that
 
(a^)P*b'' - 1, therefore a^^ =1.
 
As previously stated either a} = 1 or a"* = 1, but since p is a
 
prime greater than 2 we have a^ = 1 as required.
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APPENDIX A! TODD-COXETER COSET ENUMERATION ALGORITHM
 
There are a few different methods for determining the
 
index of a subgroup in a finite group. The method I will use
 
is the Todd-Coxetercoset enumeration algorithm.
 
In this method there are certain Steps that must be
 
followed. If the index for a subgroup is finite the process
 
will complete itself at some stage. Otherwise the subgroup is
 
considered to have infinite index. The first step of the
 
process is to write the generators of the subgroup and the
 
relators of the group with only exponents + 1. For example,
 
consider the subgroup H, H = ^b)of the group G and
 
G = ^a, b I abab"^, baba"^). We would start with a table for
 
the generator of the subgroup H and a table for the relators
 
of the group G.
 
Generator of H Relators of G
 
b a b a b"' b"' b a b a"' a"'
 
Also a group generator table is made to keep track of the
 
cosets. This table involves both the generators and their
 
inverses of the group G.
 
Generators of G
 
a a' b b'
 
At this point in the process it is necessary to determine
 
what action takes place between the cosets with the generator
 
of H and the elements of the relators of G. We begin by
 
naming the coset containingi the subgroup H with the number 1.
 
Note that the product of the coset, 1, with the generator of
 
the subgroup is contained in 1, Hh = H = 1. Therefore we
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place 1 in the first row of the table at the beginning and the
 
end of the first and only row of the generator for H. By the
 
same reasoning, since the product of 1 with the relators from
 
the group are contained in 1, we place the number l in the
 
first row of the group relator table at the beginning and end.
 
Although no new rows will be added in the subgroup generator
 
table, the rows in the group relator table will continue to
 
increase until all the cosets have been determined.
 
Generator of H Relators of G
 
b aba b'- b'' b a b a'' a''
 
11 1 1 1 1 1
 
For this example, when an element in the first coset is
 
multiplied by b, the product l*b =1, it still belongs in the
 
first coset. The group generator table is used to keep track
 
of which coset contains each product.
 
Generators of G
 
a a'' b b''
 
11 1 1
 
Now consider an element from the first coset multiplied
 
by a; we will say that this product, l*a, resides in the
 
second coset, 2. We then must start another row in both the
 
group tables to account for the new coset. Again each row in
 
the tables begin and end with the same coset. This process is
 
repeated until all the gaps in both group tables are filled
 
in.
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Generator of H Relators of G 
aba b'b' b a b a'' a'' 
11 12 1 1 1 112 2 1 
2 2 2 2 
The inverse of an element is used when reading the group
 
relator table from right to left. The first row of the first
 
relator indicates 2*a"' = l, and so we note that whenever we
 
define coset 	j by ix = j, where i<j and x a generator/ we
 
immediately get i = jx"'.
 
Generators of G
 
a a'b b"'
 
2 1 1
 
1
 
We continue to name new cosets until all the rows of the
 
group tables 	are complete. Let's define coset 3 by letting
 
2*b =3.
 
Generator of 	H Relators of G ■ 
1 K-1 K 	-a ^-1 ^-1
aba b' b' b a b a
 
11 	 123 1 1 1 1123 2 1
 
2 3 3 2 2 3 1 1 3 2
 
3 1 1 2 3 3 1 3
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Note that since 2*b = 3 completes the first row under both
 
relators, additional information is found. From the first
 
relator we have 3*a = 1 and from the second relator 3*a"' = 2,
 
Note that when a row completes we possible get new information
 
that ix = j and jx"' = i. So by reading from right to left in
 
that same row, we see that l*a'' = 3 and 2*a = 3.
 
The group generator table now reads;
 
Generators of G
 
.-1
 
2 3 1 1
 
3 1 3
 
1 2 2
 
Although the first row in all the tables has been
 
completed, there still remains gaps in the remaining rows.
 
The next coset to be named can be formed by letting 3*b —A.
 
Generator of H Relators of G
 
b a b a b' b"' b a b a"' a'^ 
1 1 12 3 1 1 1 1 1 2 3 2 1 
2 3 4 4 3 2 2 3 1 1 3 2 
3 112 3 3 4 1 3 
4 4 4 4 4 4 
18
 
 
 
 
 
 
In the second row under the first relator we obtain the
 
additional 4 by reading from right to left, using the newly
 
named coset to complete the row and giving new information
 
that 4*a = 4. This information must also be recorded in the
 
group generator table.
 
Generators of G
 
■s-l 
2 3 1 1 
3 1 3 
1 2 4 2 
4 4 3 
In the third row under the first relator, reading from 
right to left, we have that since 3*b = 4 the row completes 
giving new information that 4*b = 2. 
Generator of H Relators of G 
b 
1 1 
aba b"' b"' 
12 3 1 1 1 
2 3 4 4 3 2 
3 1 1 2 4 3 
4 4 2 3 2 4 
b 
1 
2 
3 
4 
a b a"' 
1 2 3 
3 1 1 
4 4 2 
2 3 4 
a"' 
2 
3 
1 
4 
1 
2 
3 
4 
Now the group generator table is complete: 
a a-i b b' 
1 2 3 1 1 
2 3 1 3 4 
3 1 2 4 2 
4 4 4 2 3 . 
19 
Once all the rows in the tables are complete and
 
consistent the process terminates and yields the index of the
 
subgroup. From this information we know that four cosets
 
exist. Therefore |g/H| =4.
 
Note that in this example the case of a coincidence has
 
not been covered. A coincidence occurs if a newly named coset
 
provides the same information as a previously named coset.
 
Corrections then need to be made so that the original coset
 
named is kept and the new information found is reflected
 
throughout both the group generator table and the group
 
relator table. No coincidences occurred for this subgroup.
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APPENDIX B; REIDEMEISTER-SCHREIER ALOGORITHM
 
The Reidemeister-Schreier algorithm is used to write a
 
presentation of a subgroup H given a presentation for a finite
 
group G. This method is broken into three parts. The first
 
part involves using the elements of a Schreier transversal, to
 
be defined later, and the generators of the group G. The
 
second part involves renaming the results from the first part
 
and forming the conjugates trt"' in terms of the generators of
 
the group, where r e R and t an element of the Schreier
 
transversal, T. The third part involves rewriting all the
 
relator(s) in terms of the generators of the group G. The
 
Reidemeister-Schreier Theorem states ^tata"' [ trt'')will give
 
a presentation for a subgroup of a group G where re R, t e T
 
and g e G.
 
First we must obtain a transversal. A transversal is a
 
set containing a representative of each coset. We will use
 
the generators of the group, but not their inverses,
 
restricting the elements of the transversal to be positive
 
reduced words.
 
In order to obtain a presentation of the subgroup we must
 
use a Schreier transversal. A Schreier transversal is a
 
transversal in which if the right most syllable, a letter in
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the word, of an element in the transversal is removed the
 
resulting word still resides in the set. As an example,
 
consider the transversal f = {1, x, x^, x^y}:
 
By multiplying by the reciprocal of the last syllable
 
x^y reduces to x^ e T, x^ reduces to x e T, and x reduces to
 
1 e T.
 
Consider the group and subgroup used in the example for
 
the Todd-Coxeter coset enumeration algorithm:
 
G = {a, b I abab'^, baba"^) and H = ^ •
 
We found that |G/H| = 4. Therefore the transversal must
 
contain four elements (one representative from each coset).
 
Let T = {1, a, a^, a^b} be a Schreier transversal. By
 
inspection we can see that if the right most syllable of each
 
element is removed the result is in the set. However, it is
 
necessary to make sure that each element belongs to a
 
different coset. We can verify this by using the table from
 
the Todd-Coxeter coset enumeration algorithm.
 
Recall a a' b b' 
1 2 3 1 1 
2 3 1 3 4 
3 1 2 4 2 
4 4 4 2 3 
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We start by using the identity, 1, as the representative
 
for the first coset. Now we need to find a representative
 
from the second coset. From the table we can see that any
 
element in the first coset that is multiplied by a will
 
reside in the second coset, l*a = 2. Therefore we will use a
 
as our representative of the second coset. The third coset is
 
formed by 2*a. By using the previous information we have
 
2 = l*a, by substitution we get (l*a)*a = a^, the represen
 
tative of the third coset. The final coset is formed by 3*b
 
where 3 = l*a^. Hence the fourth coset representative is a^b.
 
We may now begin the first part of the three part process
 
for writing a presentation for the subgroup. We begin by
 
taking an element of the transversal and multiplying it by a
 
generator of the group G. This product, denoted by tg, is
 
then rewritten in terms of the coset representatives which is
 
denoted by tg. To form tg'. take the inverse of We then
 
take the product of tg with tg-' to complete this part of the
 
process.
 
The generators of G are a and b. The elements of the
 
transversal are 1, a, a^, a^b. We form tg by multiplying both
 
a and b by each element of T:
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Product tg Product tg
 
l*a a l*b b 
a*a a} a*b ab 
a^*a . ;; a^ a^*b a^b 
' a^b*a a^ba a^b*b a^b^ . 
We need to rewrite tg in terms of the coset repre
 
sentatives:
 
tg
 tg
 
'a
• a	 b■^:; V/; I­
a^ a^ abv'.' 
a^b a^b 
a^ba a^b^ 
The first product that needs to be rewritten is a^. Consider 
the coset table from which came: 
COset Table 
UiV :b a"* = a*a*a 
2 1 
3 3 = 2*a*a 
1 4: 
4'- 2 = 3*a 
= 1, therefore the 
representative for is coset 1. 
We 	also have a^ba = a*a*b*a 
= 2*a*b*a 
= 4«a 
= 4, the coset representative» 
The representative for the fourth coset is a^b. Continuing in 
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this fashion we complete the chart:
 
tg	 tg
 
■ '■ ■ ■ ■ ■■■X:- '? ^X'X 
/a^ ■ a^ ■ ■ ■ :^b ■ ■ ■-aXX 
.. a^b X-::/:-:: a^b 
a^ba a^b a^b^ 
We now take the inverses of tg. 
■ ;tg-'/;:r';-' - : -{■Mr-}.:^r; ::::tg-^; :;:: . 
■	 ' ■aV'V;. ■ a"' b .r 
a^ a-2 . hb- a"^ 
a^ . • ; ■ 1 /V : a^b ■ b'a"^ 
a^ba b"'a"^ a%^ ■■ a"' 
New names are given to the products of tg•tg"'. ■ 
tg /■ '-^tg-'; tg»tg-'	 Name :.	 New 
. . .a.-„ ■ a ' : T 
a'^ . 1 ■ 
ya^ ■ uV'. a- , 
a^ba • ■■ ■y b"'a"^ a^bab'a'^ V 
-V 'X:: b ;■ w 
ab a"' ; aba"' X 
a^b b-'a-2 V^.­
■r;;,/; :a-^- ' . ■-V a^b^a"' y 
In the second part of this process we form the a 
trt"', where t e T and r e They are as follows; 
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In the second part of this process we form the conjugates
 
trf', where t e T and r e R. They are as follows:
 
trt
 
l*ahab"^*l
 
l*baba'?*l
 
a•abab"^*a'­
a*baba"^*a"'
 
a^*abab'-*a­
a^^baba'^*a^?
 
a^b*abab'^*b"'a'^
 
a^b*baba'^*b"'a'^
 
Using the new names 

Reduced
 
abab"^
 
baba"^
 
a^bab'^a"'
 
ababa"^
 
a^bab'^a"^
 
a-baba^
 
a^babab'^a"^
 
a^b^aba'^b'^a"^
 
these products 
must be written
 
according to the products found in the previous step:
 
New names
 
.u- =;;a^\''';- .' ■ 
V = a^bab'^a'^ 
w = b ■ ■ -' 
X = aba"' 
y = a^b^a"' 
Rewrite 
abab"^ 
aba'^*a^*b'^ 
x*u*w 
baba"^ 
w*x 
ababa"^ 
aba'^*a^*b*a'^ 
X • u • w*u" 
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 a^bab-^a-'
 
a^bab''a'^*a^b''a-

V • (aba'^)"'
 
v*x"^
 
a^bab'^a"^
 
a'*b*(a^b^a"')
 
u • w • y"'
 
a^baba"^
 
a^bab''a'^*a^b^a"'*a'^
 
V • y • u"'
 
a^babab'^a'^
 
a^bab'^a'^*a^b^ab"^a'^
 
V • a^b^a''*a^b'^a'^
 
V • y • a^b'^a''*ab'^a'^
 
_ V • y • x"' • y'
 
The last conjugation is very difficult to rewrite in a
 
straight-forward manner. Therefore we can start with the
 
inverse of the entire product and take the inverse of the
 
answer:
 
(a^b^aba"^b''a'^)''
 
a^ba^b''a''b"^a"^
 
a^bab''a'^*a^bab"'a''b'^a'^
 
V • a^bab'a'^fab'^a'^
 
V • V • y'.
 
Take the inverse and we get yv'^.
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Now that we have tata"' and trf' , we can write the
 
presentation for the subgroup. We must look at the results
 
from the conjugations and try to write the relators in terms
 
of the generators, we do this by using teitze transformations
 
[3]/ [9]* For the subgroup H = ^b), there is only one
 
generator, We shall write everything in terms of one
 
variable: xuw"^ =1
 
wx = 1 (hence w = x"')
 
xuwu"' = 1
 
vxV= 1 (hence v = x)
 
uwy' = 1
 
yv"^ =1.
 
Rewrite by substituting in x for both w and v:
 
xux^ =1
 
vyu"' = 1
 
vyx"'y"' = 1
 
xux'u"' 1 (hence xu = ux)
 
ux-'y' = 1
 
xyx"'y' = 1 (hence xy = yx)
 
Rewriting by taking advantage of the commutative property
 
xyu"' = 1
 
yx'^ = 1
 
between x and u and x and y:
 
x'u = 1 (hence x^ = u"')
 
yx"^ =1 (hence x^ = y)
 
xyu' = 1
 
Therefore we have x*x^*x^ = 1. Now we can write the
 
presentation for H as {x ] x® =1).
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APPENDIX G; EFFICIENT PRESENTATIONS
 
For a presentation of a group to be considered efficient
 
the number of relators minus the number of generators must
 
equal the number of generators in the Schur multiplicator of
 
the group.[10] If there are too many relators, it might be
 
possible to find an efficient presentation by combining or
 
deleting some relators as long as no original information
 
about the group is lost. Let us consider a presentation of
 
the quaternion group, Qg:
 
<i,j I iS i^j^, iji'j >.
 
For an efficient presentation of Qg the number of
 
relators must equal the number of generators, it can be shown
 
that I M(Qg) I = 1. The first attempt to make this
 
presentation efficient will involve dropping a relator, namely
 
i'*. To show that the two presentations are isomorphic, it
 
must be proven that i'* = 1 using iji''j = 1 and = 1.
 
Note that i^j^ = l gives (1) j = j'i"^ and (2) ij = i'jl
 
and iji'^j - 1 gives (3) i = jij and (4) i"' = j''i"^j"'
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starting with
 
=."i.
 
iijj = 1
 
i(jij) (i"^j"') = 1 by (1) and (3).
 
iji'^j"' = 1
 
iji-3j-Uji3= i*ji3
 
■ ij = jl3 , 
i"'j' = ji' by (2)
 
j-i.i-ij'i = j'*ji^
 
j'i'j"' = i^
 
i"' = V by (4) 
i*i"' = i*i^ 
, ■ , 1 = i^ ' 
Therefore we have {i,j| i^j^, iji'j ^ is an efficient
 
presentation for Qg.
 
A second method for obtaining an efficient presentation
 
involves combining the relators. For an example, in the
 
original presentation for Qg consider combining the first
 
relator and the inverse of the second relator to obtain
 
i4j-2i-2_i retain the third relator, iji'j = 1. To prove
 
this is a presentation for Qg it must be shown that i'* = 1 and
 
•2•2 «•

=1.
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Note that - 1 gives (5) = ij^ and (6)
 
and iji'j = 1 gives (7) ij = j'i.
 
Starting with
 
iji'j = 1
 
iji"'j*j"'ij = l*j"'ij
 
ijj = j'ij
 
i^ = j'(j'i) by (5) and (7)
 
j'*i' = j'*j-'(j'i)
 
j^i^ = i
 
j2i3«i-3 _ i*i-3
 
j^ = i"^
 
i^j^ = 1 as required.
 
Continuing with
 
=1
 
i^P =1 by (6)
 
i'* =1 as required.
 
Therefore, {i, j| i'^j'^i"^, iji'-j ) is an efficient
 
presentation for Qg.
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t:7^le!
 
PRIME
 
:V'.'50 V
 
13
 
17
 
19
 
23
 
29
 
31
 
37
 
41
 
43
 
47
 
53
 
59
 
61
 
^7
 
71
 
73
 
79
 
83
 
89
 
97
 
101
 
PRIMITIVE ELEMENTS
 
Smallest 2®' smallest
 
PRIMITIVE PRIMITIVE
 
3
 
5
 
6
 
2 6
 
3 5
 
2 3
 
5 7
 
2 3
 
3
 11
 
2 5
 
6 7
 
3 5
 
5 10
 
2 3
 
2 6
 
2 6
 
2 7
 
7 11
 
5 11
 
3 6
 
2 5
 
3 6
 
5 7
 
2 3
 
2" = 1 
mod p 
4.. no 
3 3 
10 no 
12 no 
8 6 
18 no 
11 5 
28 no 
5 8 
36 no 
20 17 
14 no 
23 7 
52 no 
58 no 
60 no 
66 no 
35 12 
9 32 
39 9 
82 no 
11 25 
48 14 
100 no 
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